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Abstract
It is shown that a bounded quiver algebra having a 2-truncated
oriented cycle is of infinite Hochschild homology dimension and global
dimension, which generalizes a result of Solotar and Vigue´-Poirrier
to nonlocal ungraded algebras having a 2-truncated oriented cycle
of arbitrary length. Therefore, a bounded quiver algebra of finite
global dimension has no 2-truncated oriented cycles. Note that the
well-known “no loops conjecture”, which has been proved to be true
already, says that a bounded quiver algebra of finite global dimension
has no loops, i.e., truncated oriented cycles of length 1. Moreover, it
is shown that a monomial algebra having a truncated oriented cycle
is of infinite Hochschild homology dimension and global dimension.
Consequently, a monomial algebra of finite global dimension has no
truncated oriented cycles.
Mathematics Subject Classification (2000): 16E40, 16E10, 16G10
Let K be a field and Q a finite quiver with vertex set Q0 := {1, · · · , n}
and arrow set Q1. Denote the source and target of an arrow a ∈ Q1 by s(a)
and t(a) respectively. Let R be the arrow ideal of the path algebra KQ of the
quiver Q and I an admissible ideal of KQ. Denote by A the factor algebra
KQ/I of KQ modulo I. Let e1, · · · , en be the trivial paths corresponding
to the vertices in Q0. Then S := ⊕
n
i=1Kei is a separable K-subalgebra of A
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and J := R/I is a two-sided ideal of A. Moreover, A = S ⊕ J . For quivers
and their representations we refer to [1].
Recall that a path a1a2 · · · al is called an oriented cycle if l ≥ 1, ai ∈ Q1
and t(ai) = s(ai+1) for all 1 ≤ i ≤ l, where al+1 := a1. An oriented cycle
a1a2 · · · al is said to be anm-truncated oriented cycle of length l in A ifm ≥ 2
and aiai+1 · · · ai+m−1 = 0 but aiai+1 · · · ai+m−2 6= 0 in A for all 1 ≤ i ≤ l,
where we require ap = aq if 1 ≤ p, q ≤ l + m − 1 and p ≡ q (modl). So a
2-truncated oriented cycle in A is just an oriented cycle a1a2 · · ·al satisfying
aiai+1 = 0 in A for all 1 ≤ i ≤ l, where again al+1 := a1. Clearly, if A
has an m-truncated oriented cycle of length l then it must have m-truncated
oriented cycles of length il for all i ≥ 1. In particular, if A has a loop
a ∈ Jm−1\Jm then it has an m-truncated oriented cycles of length 1, thus
m-truncated oriented cycles of arbitrary length l ≥ 1.
Recall that the Hochschild homology dimension of A is hh.dimA := inf{n ∈
N0|HHi(A) = 0 for i > n}, where HHi(A) denotes the i-th Hochschild ho-
mology group of A. (ref. [5, 7]).
Theorem 1. If A has 2-truncated oriented cycles then hh.dimA = ∞ =
gl.dimA.
Proof. We choose a1a2 · · · al to be a 2-truncated oriented cycle in A of min-
imal length, so that all its rotations (a1, a2, · · · , al), (a2, · · · , al, a1), · · · · · · ,
(al, a1, · · · , al−1) are distinct in the set Q1 × · · · ×Q1 (l copies).
In order to construct the nonzero Hochschild homology classes of A, we
observe the S-normalized complex C¯S(A) := (A⊗Se (J
⊗Sm), b) of A (ref. [6,
p.134]), where b is the Hochschild boundary given by b(x0, x1, · · · , xm) =∑m−1
i=0 (−1)
i(x0, · · · , xixi+1, · · · , xm) + (−1)
m(xmx0, x1, · · · , xm−1).
Now we consider the (lm− 1)-chain
ξ := (a1, · · · , al, a1, · · · , al, · · · · · · , a1, · · · , al) ∈ C¯S(A)lm−1 = A⊗SeJ
⊗S(lm−1)
of the S-normalized complex C¯S(A). Since a1a2 · · · al is a 2-truncated ori-
ented cycle, b(ξ) = 0, i.e., ξ is a nonzero (lm− 1)-cycle of C¯S(A).
Next we show that ξ is not an (lm− 1)-boundary, and thus ξ provides a
nonzero element ξ¯ in the (lm − 1)-th Hochschild homology HHlm−1(A) for
infinitely many m, indeed for at least all odd m. We assume on the contrary
that ξ = b(
∑
k(x0, x1, · · · , xlm)), where k ∈ K and x0, x1, · · · , xlm are paths
in Q. Denote by U the K-subspace of C¯S(A)lm−1 generated by all rotations
of ξ, and by V the complement space of U in C¯S(A)lm−1.
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(1) If the path x0 is nontrivial, i.e., x0 ∈ J , then b((x0, x1, · · · , xlm)) ∈
J2 ⊗Se (J
⊗S(lm−1)) +
∑
0≤i≤lm−2A⊗Se (J
⊗Si ⊗S J
2 ⊗S J
⊗S(lm−i−2)) ⊆ V .
(2) If x1, · · · , xlm are not all arrows, i.e., at least one of them is in J
2,
then b((x0, x1, · · · , xlm)) ∈
∑
0≤i≤lm−2A⊗Se (J
⊗Si⊗SJ
2⊗S J
⊗S(lm−i−2)) ⊆ V .
(3) If the path x1 · · ·xlm is not a rotation of the oriented cycle ξ then
b((x0, x1, · · · , xlm)) ∈ V .
By the analysis (1)-(3), we may assume that
ξ = b(
l∑
i=1
ki(es(ai), ai, · · · , al, a1, · · · , al, · · · · · · , a1, · · · , al, a1, · · · , ai−1)).
By the definition of the Hochschild boundary b, we have
ξ = k1(a1, · · · , al) + (−1)
lmk1(al, · · · , al−1)
+ k2(a2, · · · , a1) + (−1)
lmk2(a1, · · · , al)
· · · · · · · · · · · ·
+ kl(al, · · · , al−1) + (−1)
lmkl(al−1, · · · , al−2).
Since a1a2 · · · al is a 2-truncated oriented cycle in A of minimal length,
all rotations (a1, · · · , al), (a2, · · · , a1), · · · , (al, · · · , al−1) of ξ are K-linear in-
dependent in C¯S(A)lm−1. If l is even then we have k2p = k1 and k2p−1 = −k1
for all 1 ≤ p ≤ l
2
. Thus ξ = 0. It is a contradiction. If l is odd then we take
m to be odd as well and have kp = k1 for all 1 ≤ p ≤ l. Thus again ξ = 0. It
is also a contradiction. Hence hh.dimA =∞.
It follows from [8, p.110] that gl.dimA =∞.
Remark 1. From the proof of Theorem 1 we know that hh.dimA =∞ even
holds for infinite dimensional quiver algebra A having 2-truncated oriented
cycles.
Corollary 1. A bounded quiver algebra of finite global dimension has no
2-truncated oriented cycles.
Remark 2. The well-known “no loops conjecture”, which has been proved to
be true already (ref. [9, 10, 11]), says that a bounded quiver algebra of finite
global dimension has no loops. Corollary 1 implies that a bounded quiver
algebra of finite global dimension has no 2-truncated oriented cycles as well.
Remark 3. Corollary 1 also can be proved by observing the minimal pro-
jective resolutions of the simple modules corresponding to the vertices on the
2-truncated oriented cycles. Indeed, there are always simple direct summands
in the syzygies.
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Remark 4. In [7] the author suggested the conjecture “Let A be a bounded
quiver algebra over a field K. Then gl.dimA <∞ if and only if hh.dimA = 0,
if and only if hh.dimA = ∞”, which is equivalent to “Infinite global di-
mension implies infinite Hochschild homology dimension for bounded quiver
algebras”. So far we have known that the conjecture holds for commuta-
tive algebras [2], monomial algebras [7], quantum complete intersections of
codimension 2 [3], graded local algebras, Koszul algebras and graded cellular
algebras over a field of characteristic zero [4]. In [12] the authors proved
that the Hochschild homology dimension of two classes of algebras of infinite
global dimension are infinite. The first class is a generalization of quantum
complete intersections but a specialization of split extensions of algebras. The
second class is a subclass of finite-dimensional graded local algebras without
any assumption on the underlying field, more precisely, graded local bounded
quiver algebras having a 2-truncated oriented cycle of length 2. They proved
the result for the second class using methods of differential graded algebra.
Theorem 1 generalizes the [12, Theorem II] to nonlocal ungraded algebras
having a 2-truncated oriented cycle of arbitrary length. Nevertheless, our
method is very short and elementary.
Theorem 2. If A is a monomial algebra having truncated oriented cycles
then hh.dimA =∞ = gl.dimA.
Proof. Suppose that a1a2 · · · al is anm-truncated oriented cycle inA of length
l. Let A′ be the bounded quiver algebra KQ′/I ′ where the quiver Q′ has just
l vertices 1, 2, · · · , l and l arrows x1, x2, · · · , xl such that t(xi) = s(xi+1) for
all 1 ≤ i ≤ l with xl+1 := x1, and I
′ is the admissible ideal of KQ′ generated
by all paths of length l. It is easy to construct a direct summand of the
S-normalized complex C¯S(A) according to the m-truncated oriented cycle
a1a2 · · · al such that it is isomorphic to the S
′-normalized complex C¯S′(A
′)
where S ′ := ⊕li=1Ke
′
i and e
′
1, · · · , e
′
l are the trivial paths corresponding to
the vertices in Q′0. Therefore, HHi(A
′) is a direct summand of HHi(A) for
all i ≥ 1. By [7, Corollary 1], we have hh.dimA′ =∞. Thus hh.dimA = ∞.
Furthermore, gl.dimA =∞.
Corollary 2. A monomial algebra of finite global dimension has no truncated
oriented cycles.
Remark 5. Corollary 2 also can be proved by observing the minimal pro-
jective resolutions of the simple modules corresponding to the vertices on the
truncated oriented cycle.
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Remark 6. I don’t know whether a bounded quiver algebra of finite global
dimension must have no truncated oriented cycles. Of course a bounded
quiver algebra of infinite global dimension may have no truncated oriented
cycles. For this, it is enough to consider the algebra A = KQ/I where the
quiver Q is given by Q0 = {1, 2} and Q1 = {a1 : 1 → 2, a2 : 2 → 1} and
I = (a1a2a1).
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